Decoherence in adiabatic quantum computation
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We have studied the decoherence properties of adiabatic quantum computation in the presence of
in general non-Markovian (e.g., low-frequency) noise. We show that the global scheme of adiabatic
quantum computation maintains its performance even for strong decoherence. The more efficient
local adiabatic computation, however, does not improve scaling of the computation time with the
number of qubits n as in the decoherence-free case, although it does provide some “prefactor”

improvement.

The scaling improvement requires phase coherence throughout the computation,

limiting the computation time and the problem size n.

The possibility of using quantum mechanics for com-
putation has recently gained considerable interest [1, 2].
Although the gate model of quantum computation (QC)
is theoretically well developed, the necessity of preserv-
ing quantum coherence and complex patterns of entan-
glement for a long period of time, as well as the extreme
precision requirement for gate operations makes its im-
plementation difficult. Quantum error correcting codes
[3-6] and fault-tolerant implementations [7, 8] enable QC
with finite precision and in the presence of external noise,
although with significant overhead.

Recently, other computation protocols have been sug-
gested which may require less quantum resources. One
of these is adiabatic quantum computation (AQC) [9],
which is known to be computationally equivalent to the
gate model of QC [10]. In AQC, a simple initial Hamil-
tonian Hj is slowly deformed into a final Hamiltonian H:
Hgs=[1—s(t)|H;+s(t)Hy, with s(t) changing from 0 to 1
between the initial (¢;=0) and final (¢;) times. The qubit
register starts from the ground state of H;, into which it
is designed to be initialized with high fidelity. If the evo-
lution is slow enough (adiabatic), the system ends up in
the ground state of H; which encodes the solution to a
computationally interesting problem.

The performance of the algorithm is limited by the re-
gions of s close to energy anticrossings, where the energy
gap g(s) between the first two energy levels reaches the
minimum g, = min,[g(s)]. Assuming that the minimum
gap occurs at s=s,,, it is convenient to adopt a new co-
ordinate, e=F(s—s,,), where E > g, is an energy scale
characterizing the anticrossing. If g, is much smaller
than the separation of the two crossing levels from other
energy levels, then the slow evolution of the system close
to the anticrossing will be restricted only to those lev-
els. In this region, the gap between the two lowest states

is well approximated by g = 1/€2 + g2,, and the system
Hamiltonian in such a 2-state subspace is

Hszf(eaz JrngTz)/Q, (1)
where ¢’s are the Pauli matrices. If the evolution satis-

fies the adiabatic condition (h=kp=1): |(1|dH /de|0)|é <
g*(s), then at t = ts, the system will be in the ground

state of Hy with probability close to one, and the solution
to the problem may then be read out.

The “global” adiabatic scheme is based on the linear
interpolation, s = t/ts, so that $ is a constant, and the
adiabatic condition must be satisfied for the smallest gap.
This yields ¢ = ag?,, where « is a small dimensionless
number. The computation time then is

ty = E/ag, = tgiobal ; (2)

while the time the system spends near the anticrossing,
~ (gm/E)ty, is only a small fraction of the total time (2).

In the “local” scheme [11], the time variation of s is
chosen so that the system spends the main part of the adi-
abatic evolution in the vicinity of the anticrossing. This is
achieved by satisfying the adiabatic condition uniformly,
i.e., taking é(t) = ag(t)?. Integration of this condition
near the anticrossing gives €(t) = g, tan(agmt — 7/2),
and the computation time is

tf = T/agm = flocal - (3)

Such a scheme is optimal [11] meaning that no other s(t)
can provide shorter computation time. In general, find-
ing g(s) is as hard as solving the original problem, and
therefore the assumption that it is known a priori is not
always reasonable. In some special cases, however, such
as the adiabatic Grover search [11], g(s) is independent
of the final solution and can be calculated analytically.
Hamiltonians with this property are usually projective
and hard to implement due to n-local interactions.

The algorithm performance in both cases is determined
by ¢gm. As the size of the problem and therefore the
number of qubits n grows, g,, shrinks, requiring increas-
ingly longer t¢. Clearly, the local adiabatic evolution
shows a better scaling, with tca1 X g;,} as opposed to
talobal X g;f in the global case.

The local adiabatic evolution plays a crucial role in the
scaling analysis of the AQC [11-13], even when the as-
sumption of local scheme is made only implicitly. E.g.,
suppose a lower bound O[f(n)] is obtained for the evolu-
tion time of n qubits in the case of general s(t). Such a
bound applies only to the optimal, i.e. local, scheme. For
a more practical global evolution, the real lower bound



is then O[f(n)?], which in some cases coincides with the
classical performance.

The enhanced performance of the local scheme comes
at a price of its stronger sensitivity to decoherence. As
demonstrated in this work, the coupling of the qubit reg-
ister to an external dissipative environment has different
effects on both schemes. While the global computation
time (2) is essentially unaffected even by the strong deco-
herence which broadens the anticrossing region to a width
W > g, the time (3) is increased significantly in the
regime of strong decoherence, essentially eliminating the
advantage of the local scheme. A qualitative reason for
this is that the low-frequency component of the environ-
mental noise introduces uncertainty in the position of the
anticrossing point, making it necessary to slow down the
adiabatic evolution for a longer period of time. Below we
study quantitatively the anticrossing broadening and the
resulting computation times for different environments,
focusing mostly on the regime of large temperature T and
strong dissipation, g, < T, W, which can also be viewed
as the limit of the large-scale “difficult” problems. AQC
can still function at such large temperatures T in the
“probabilistic” mode, since the probability to stay in the
ground state reduces only to 1/2 if T is still smaller than
the larger gaps of the algorithm Hamiltonian [17].

Decoherence is introduced as usual by adding the bath
Hp and the interaction Hamiltonian Hj,; to the Hamil-
tonian Hg of the qubit register: Hiotai=Hg + Hp + Hint-
In general, any single-qubit error excites the system out
of the subspace (1) of the two lowest levels. Near the
anticrossing, the gaps to higher levels should be much
larger than g,,, and these processes are suppressed, so
that both Hg and Hj, are reduced to the 2-state form,
and given, respectively, by (1) and Hj,y = —Qo, where
@ is an operator of the environmental noise.

In the case of a bosonic environment, the bath is mod-
eled as an ensemble of harmonic oscillators distributed
over frequencies w, Hg = ) wai,aw, and the environ-
mental force @ can be taken in the form Q = " A, (al,+
ay). The coupling constants )\, determine the strength
of the decoherence through the noise correlator S(w) =
J(w)/(1 —e=%/T), where J(w) = 27 Do AL (w £ W)

Decoherence can be viewed as a result of the bath-
qubit entanglement produced by Hin:: The shift of the
bath oscillators from their positions depends on the state
of the qubit register in the o, basis. In the case of strong
decoherence considered here, such shifts localize the o,
states, and the tunnel coupling represented by ¢, in (1)
can be treated as a perturbation — see, e.g., [14]. In the
lowest order in g,,, the rate of tunneling between the two
0, basis states is:

I'(e) = % /dt e’ exp {i / %S(w)(e‘m - 1)} .(4)

Since the characteristic time ¢y of the adiabatic evo-
lution is much larger than the time scale 1/e in (4), the

overall change of the z-component of the density matrix
p in the o, basis can be obtained by integrating the rate
equation for the balance of transitions (4) between the
o states over the evolution of €(t):

p=(ty) _ -ty
p=(0)

The condition of proper functioning of the adiabatic al-
gorithm is that the evolution time ¢y is sufficiently long
on the scale of the average transition rate I', so that the
system which starts in the ground state, p,(0) = 1, after
the anticrossing is still found in the ground state with ap-
preciable probability p = (1 — e~"*/)/2. One immediate
consequence of Egs. (4) and (5) is that for the global adi-
abatic evolution, ¢ = const = E/t, we have I = mg2 /E,
independently of S(w), and the required computational
time ¢; ~ '~ coincides with the decoherence-free case
(2). [If one allows the same probabilistic operation of
the algorithm as in the strong-decoherence regime, then
a ~ 1 in Eq. (2).] This result agrees with conclusions of
[15-17] for Landau-Zener transitions with an ohmic bath.

In contrast to the global evolution, characteristics of
the local adiabatic scheme are sensitive to the energy
dependence of the tunneling rate (4) and therefore to the
environment spectrum S(w). We assume first the model
S(w) = Z[1 + (w/we)? 7, that depending on the value
of the cut-off energy w,, allows for uniform description of
the high-T" ohmic dissipation (white noise) and the low-
frequency noise [18] typical for most solid-state qubits —
see, e.g, [19]. Substitution into (4) gives:

-2 (™ d
r=— F(e)—.e.
by J_oo €

(5)

2
T(e) = ng/dt ' exp{—y (It + (e — 1) /we)}
9m [ V(€ +77), we >,
(7r/2,ywc)1/2e—52/2’ywc7 We < v,

: (6)

The width of the “resonance” region, where I' is nonva-
nishing, is

[, we > 7,
W= { (Ywe)/?, we < 7, @

which under our assumptions is much larger than g,,.

In the case of local evolution, é = ag?, the average
tunneling rate in (5) is dominated by the vicinity of the
point € = 0. Quantitatively, (3) means that (t7é)~! ~
§(e), and (5) and (6) give: ' = 2I'(0) ~ g2,/W. Thus,
for the computation time ¢y ~ I'~! we have:

tf ~ (W/E) : tglobal X 9%27 (8)

and besides the prefactor enhancement of W/E over the
global scheme, no scaling improvements achieved by us-
ing the local adiabatic evolution.

It is instructive to note that the large-w. limit of (6)
coincides with the tunneling rate that can be obtained



directly from the standard Bloch-Redfield formalism as
applied to strong d-correlated noise (see, e.g., [17, 20]).
In contrast to this, the small-w, case in (6) can be under-
stood as an effect of the quasi-static thermal fluctuations
creating an uncertainty in the sweep parameter €. This
result can be extended straightforwardly to an arbitrary
low-frequency classical noise de that is generated by some
(not necessarily bosonic) environment. In the case of the
global adiabatic evolution, such a noise just shifts the
time axis without affecting the transition probabilities
[24], so that the same time scale (2) is obtained for the
algorithm with or without noise. By contrast, the local
adiabatic protocol is strongly affected by the noise with
large amplitude, W = (6¢2)'/2 > g,,. Indeed, if one
takes ¢ = ag? as without the noise, the slow-down of the
evolution will most of the times miss the actual anticross-
ing, and the probability p of staying in the ground state
will be suppressed as g2, /W?. To increase this probabil-
ity to p ~ 1/2 by reducing «, one needs to make it so
small that the computation time scales even worse than
in the global case, t; ~ W?2/g3 . If an estimate for W is
known, a better strategy is to slow down the evolution in
a region of width W around e = 0, which yields (8), i.e.,
a prefactor enhancement.

This role of the low-frequency noise suggests that it
might be useful to separate this noise from the relax-
ation transitions induced by the high-frequency parts
of S(w). To do this quantitatively we consider an en-
vironment with removed low-frequency part: S(w) =
1+ (w/we)?] ™ = [1 + (w/wp)?] ™!} with wy < we. In
the context of superconducting qubits, such a “frequency-
dependent” relaxation is used experimentally [21, 22| for
the same purpose of suppression of the low-frequency
noise. The tunneling rate is obtained then as before:

1 —ewelth 1 — gmwoltl

9 -
T(e) = Tm /dt e exp{y| -

We wo

At low energies € < w,, the w.-part can be neglected:

2 e_’Y/wo = 1 wo)"
T(c) = ng lwé(e) + z:% 2 +’y[((7¢/+01))w0]2] :

The first, d-function, term describes the “dissipation-
free” transition rate but with renormalized tunnel cou-
pling g, — g%, = gme />, In our approach, that is
perturbative in g,,, this term has the d-functional depen-
dence on energy. Although in the more accurate treat-
ment this term should actually be broadened by the tun-
nel coupling g, itself, this broadening does not change
the integral transition probability. The sum over n rep-
resents the dissipative tunneling. Taken as a whole, this
equation describes the crossover from the dissipation-free
tunneling in the case v < wp, when the environmen-
tal noise is removed from all relevant frequencies ~ -,
to the dissipation-dominated tunneling rate described by

the first part of Eq. (6) for v > wg, when the modifica-
tion of environmental noise at frequencies ~ wg becomes
irrelevant. We see that removal of the noise at frequencies
up to the relaxation rate v suppresses the environmental
broadening of the Landau-Zener transition. Similarly to
the case of superohmic environment [17], the “pure” re-
laxation remaining in this case at larger energies can im-
prove the algorithm performance (compared with the one
provided by the renormalized gap g¢;,). However, since
the relaxation rate (6) scales at large energies € > wp as
g2,7/€, this prefactor improvement does not change the
scaling of the algorithm performance with the gap gy,.

So far we have discussed the large-temperature regime
T > W,gm, when the environmental noise is effec-
tively classical. We now consider briefly the case of
low temperatures 7" < ¢,,, W and show that, qualita-
tively, the quantum low-frequency noise has the same ef-
fect of broadening the Landau-Zener transition and thus
changing the scaling of local adiabatic algorithms. Quan-
titative characteristics of the quantum noise are, how-
ever, quite different. The main difference is that besides
the broadening of the transition resonance, the quantum
noise leads also to the “polaron” shift of the resonance.
While the classical broadening is symmetric around the
point € = 0: I'(—e) = I'(e), in the quantum case, the
resonance is shifted to positive energies.

To show this explicitly, we assume the simplest case
of the single-mode environment of frequency Q: S(w) =
27225 (w — Q) and negligible temperature 7. In this case,
the tunneling rate (4) is:

F(G) _ T‘—gm —(22/Q)? Z 1 2)‘ 2n6 Q) (9)

We see that the environment splits the level crossing at
€ = 0 into a sequence of crossings at € = nf2, correspond-
ing to n photon emission process, with intensity depen-
dent on the coupling strength A. Integrating Eq. (9) over
the evolution of €(t) similarly to Eq. (5) we obtain the
“Landau-Zener” probability ¢ for the system to remain
in the initial state of the adiabatic dynamics not making
the transition to the ground state:

e de  mg2 e~ (MND* 0 (2)/Q)2n
_lnq—/_ool"(e)? = 5 ZO TR

n=

(10)
Here €, is the rate of evolution of € at the nth crossing.
For uniform evolution ¢, = const = v, Eq. (10) reduces
to the regular Landau-Zener probability ¢ = e~ Im/ v,
which at T'= 0 is independent of the coupling to the en-
vironment [23]. In contrast to the total probability, the
width of the transition region depends strongly on the
coupling strength A. The low-frequency environment,
Q < A, makes the coupling strong. In this case, the
Poisson distribution of the effective tunnel amplitudes
in Eq. (10) can be well approximated as a Gaussian,



with position € = 4\?/Q and width W = 2. This
means that in order to keep the excitation probability
sufficiently small, the local adiabatic evolution should be
slowed down around the new resonance energy ¢ = € in
the energy interval of the width W, which coincides with
the typical magnitude <Q> of the quantum fluctuations
of the environmental noise (). Once again we obtain the
prefactor enhancement (8).

Finally, we discuss a spin environment which can also
be important for practical qubits (see, e.g., [25]) and is in
general composed of 2-level systems that can be viewed as
spins. Qualitative properties of such an environment are
similar to the bosonic one discussed above. In particular,
at T = 0, the Landau-Zener transition probability ¢ is
unaffected by the spin environment [26, 27]. Although
at non-vanishing T' ground state probability p is reduced
by coupling to environment, there exists an upper bound
for the excitation probability, which yields finite p even
when the number m of spins is large [26]. As a result,
the global AQC can be done with the same time scale
as for the closed system. Spin environment broadens the
energy levels by splitting each level into 2™ levels, so
that the anticrossing is also split into 22™ anticrossings
at random positions. As before, since the total width
of the broadened region W is independent of g,,, only a
prefactor enhancement (8) is possible.

To summarize, we have studied the decoherence ef-
fects due to different types of (non-Markovian) classical
and quantum environments, including bosonic and spin
baths, on AQC. In all cases, the environment broadens
the energy levels and the transition region to a width
W independent of the minimum gap g,,. The global
AQC remains unaffected by such a broadening, but the
local one, in the small-gap/strong-decoherence regime
W > g, only provides a prefactor improvement of the
algorithm running time (8) in comparison to the global
scheme, and therefore does not change the scaling of
this time with g,, as it does in the decoherence-free
case. Thus, a local AQC can only maintain its proper-
ties if W < ¢,,. Since the width of the level broadening
is related to the decoherence rate, W ~ 1/Tgecon, and
ty ~ 1/gyn, for the local scheme in the weak-decoherence
regime, the computation time is limited by the decoher-
ence ty < Tdecoh N the same way as in gate model QC.
Therefore, in order to keep the advantageous scaling of
local AQC, phase coherence should be preserved through-
out the evolution as in the gate model. The expectation
that AQC is insensitive to phase coherence only holds for
the global scheme and does not apply to local AQC.

It should be emphasized that for problems that are
solvable on a gate model QC in polynomial time, a uni-
versal AQC [10, 28] with global scheme, can also provide
solution in polynomial time, but with no need for main-
taining phase coherence. Adiabatic Grover search [11],
on the other hand, requires local scheme and therefore
phase coherence in order to provide any advantage over

classical computation.
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